arXiv:1509.07023vl [math.CO] 23 Sep 2015 


The Hadwiger-Nelson problem over certain fields 


David A. Madore 
September 24, 2015 


Abstract 

We compute the Hadwiger-Nelson numbers x{E‘^) for certain number fields 
E, that is, the smallest number of colors required to color the points in the plane 
with coordinates in E so that no two points at distance 1 from one another have the 
same color. Specifically, we show that x(Q(v/2)^) = 2, that x(Q('v/3)^) = 3, that 
= 3 despite the fact that the graph r(Q(\/7)^) is triangle-free, and 
that 4 < x(Q(v/3, < 5- We also discuss some results over other fields, for 

other quadratic fields. We conclude with some comments on the use of the axiom 
of choice. 


1 Introduction 

^1.1. The Hadwiger-Nelson problem asks what is the minimum number x(I^^) of colors 
required to color the plane in such a way that two points x,x' at distance 1 from one 
another (i.e., such that (x'^ — xi)^ -h (x 2 — X 2 )^ = 1) never have the same color. (We 
refer to USoifer 200911 for more about this problem, especially to chapter 2 for basic 
information and chapter 3 for a historical account of how the problem emerged and 
how it earned to be associated with the names of Hugo Hadwiger and Edward Nelson.) 
In other words, the question is that of the chromatic number x(l^^) = of the 

graph r(M^) whose vertices are the points of with an edge connecting any two points 
at distance 1 from one another. 

111 . 2 . The best bounds currently known are 4 < x(ffi') < r, and are proved using 
completely elementary methods: the lower bound x(I^^) > 4 is obtained by embed¬ 
ding an explicit finite graph with chromatic number 4 in r(M^) (typically Moser’s spin¬ 
dle, cf. USoifer 20091 fig. 2.2] and 12.41 below: or the Golomb graph, cf. USoifer 20091 
fig. 2.8]), whereas the upper bound x(I®^) < 7 is obtained by an explicit coloring 
(typically by tiling the plane with hexagons of diameter just less than 1 and periodi¬ 
cally coloring them using the 7-coloring sometimes known as “Heawood’s map”: see 
USoifer 2009[ fig. 2.5] for details, and cf. also USevennec 201311 for an algebraic presen¬ 
tation of Heawood’s map and some if its other remarkable properties). 
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111.3. It is also worth recalling the De Bruijn-Erdos theorem ([|de Bruijn & Erdos 1951 


theorem 1]), which guarantees that an infinite graph G is n-colorable iff every finite 
subgraphs of G is (i.e., x{G) is the upper bound of the x(G'o) for all finite subgraphs Go 
of G). This relies on some form of the axiom of choice (which we assume throughout, 
but see section |7] for comments) and can be seen, for example, as an immediate conse¬ 
quence of the compactness theorem for propositional calculus (see, e.g., UPoizat 20001 
theorem 4.5]) applied to the (infinite) set of propositional variables “vertex v has color i” 
and the (infinite) set of axioms stating that each vertex has exactly one color and no two 
adjacent vertices have the same color. 

In the case of the Hadwiger-Nelson problem, this tells us that any lower bound on 
can be obtained by finding a finite unit-distance graph with that chromatic num¬ 
ber (one immediate consequence of this is that lower bounds on necessarily 

provable: see 15.41 for details). 


111.4. There are several ways the Hadwiger-Nelson problem can be generalized. An 

obvious one consists of changing the dimension from 2 to d\ we refer to USoifer 20091 
chapter 10] for a discussion on the bounds known for This paper is mostly 

concerned with the case d = 2, although we will keep d as a variable whenever it is 
irrelevant. 

111.5. Another way to generalize the Hadwiger-Nelson problem is to restrict oneself to 

coloring the points whose coordinates lie in a certain subfield E of M, i.e., ask for the 
chromatic number or more generally of the graph T(E'^) whose whose 

vertices are the points of E'^ with an edge connecting any two points {xi,..., Xd) and 
(x'^,..., x'^) whenever (x'^ — Xi)^ -f-h (x'^ — XdY = 1. 

Note that even though the notion of “distance” might no longer be applicable, this 
graph r(E'^) as we have defined it, and consequently its chromatic number xiE^), make 
sense for any field whatsoever, or in fact, any commutative ring (or indeed, any kind 
of ring), not necessarily embeddable in M. So it makes sense, for example, to ask 
for the value of x(C^), which may or may not be finite (this does not seem to have 
been studied, and the present author does not know anything beyond the trivial bound 
4 < < x(*C^) < cxo; but see 15.31 and 16.4L or x((lFp)^) where Fp = Z/pZ is the 

finite field with p elements (since r((Fp)^) is a finite graph, this can be computed for 
any given p), or again x((Qp)^) where Qp is the field of p-adic numbers (as we explain 
in l3.2l and l3.6[ we have x((Qp)^) ^ if p = 3 (mod 4)). 

111.6. One classical result ( H Woodall 1973[ theorem 1], cf. USoifer 20091 11.2]) is that 
x(Q^) = 2: this is proved by reducing modulo 2 (see 13.71 for a proof of this result in 
the formalism of this paper). The values x(Q^) = 2 and x(Q^) = 4 are also known 
( IIBenda & Perles 20001 . cf. USoifer 20091 11.3& 11.4]). For other kinds of fields, noth¬ 
ing seems to have been said: the question of finding x{E‘^) for ^riy number field E, and 
Q(\/2) in particular, is listed as an open problem in USoifer 20091 11.6]. 
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The main results ofthis paper are that x(Q(\/2)^) = 2 (prop. lT^ . that = 

3 (prop. l4^ . that x(Q(V^)^) = 3 despite the faet that the graph r(Q(\/7)^) is triangle- 
free (prop. l43]) . and that 4 < x(Q(\/3) VTT)^) < 5 (prop. 1431) . We also diseuss some 
results over other fields. 

Yet another generalization, eonsisting of ehanging the quadratie form x\ + ■ ■ ■ 
used to define the distanee, will be diseussed biefly in seetion We eonelude with 
eomments on the use of the axiom of ehoiee in seetion |7J 

^1.7. Conventions. By a “graph”, we mean a set X of “vertiees”, together with a set 
of two-element subsets of X ealled “edges”, i.e., an undireeted graph without multiple 
edges or self-edges. Two vertiees eonneeted by an edge are also said to be “adjaeent”. 
A graph homomorphism ip: G ^ G' between graphs G and G' is a map xp from the set 
of vertiees of G to that of G' sueh that if x and x' are adjaeent then ^p{x) and ^p{x') are 
adjaeent. 

A coloring of a graph G with n eolors is a graph homomorphism from G to the 
eomplete (=elique) graph Kn eonsisting of n vertiees with all ? 7 ,(? 7 , — 1)/2 possible edges 
(we also say that G is eolorable using n eolors, or simply n-eolorable): the set of vertiees 
given eaeh eolor is, of eourse, those whieh map to a given vertex of the target. This 
definition makes it elear that if ip: G — )■ G' is a graph homomorphism and G' is n- 
eolorable, then so is G (we are not assuming xp to be injeetive): if G' —?• Kn is a 
eoloring then the eomposite with ^p gives a eoloring G —)■ Kn whieh we say is obtained 
by “pulling baek” the eoloring of G' by pj. We write x{G) and eall chromatic number 
of G the smallest natural number n sueh that G is n-eolorable, or oo if sueh n does 
not exist: by what has just been said, if ^: G —?• G' is a graph homomorphism then 
X{G) < x(G'). 

Also, we stated the De Bruijn-Erdos theorem in 1 1.31 above by eonsidering all finite 
subgraphs Gq of a graph G (i.e., injeetive graph homomorphisms Gq —)■ G with Gq a 
finite graph), but a moment’s thought suffiees to see that the statement is equally valid 
for indueed finite subgraphs (i.e., injeetive graph homomorphisms Gq ^ G, with Gq 
a finite graph, sueh that x,x' are adjaeent ijf 'rp{x),ip{x') are) or simply all homomor¬ 
phisms Go —)■ G, with Go a finite graph. For eonsisteney’s sake, we have tried to always 
use and speak of homomorphisms (even though they are often, in faet, injeetive, or 
even embeddings of an indueed subgraph, and it generally does not matter how they are 
eonsidered). 


2 Generalities and lower bounds 

We formalize the notion suggested in the introduetion: 
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Definition 2.1. Let E be any field, or even any (nonzercQ) eommutative ring, and d > 1. 
We define a graph T{E^) as follows: vertiees of are d-tuples from E, with an edge 

between (xi,..., Xd) and , x'^) whenever {x\ — xiY H- — XdY = 1- We 

write = x(r(-E‘^)) for the ehromatie number of this graph T(E'^) (possibly +cx)). 

12.2. A trivial observation: given any morphism of (nonzero) eommutative rings 'll): E ^ 
E', we get a homomorphism of graphs T{E‘^) T{E'‘^) by taking x = (xi,..., Xd) 

ioip{x) = ('0(xi),..., '4){xd)), where a “homomorphism of graphs” was defined in 1 1.71 
(if X, x' are adjaeent in T{E'^) then ip{x),ip{x') are adjaeent in T{E"^)y, as noted there, 
pulling baek by ip any eoloring of r(i7''^) gives a eoloring of r(ii^'^) with the same num¬ 
ber of eolors, so < x{E'‘^)- This applies in partieular to an extension of fields: 

if E C E' are fields then x{E^) < x{E"^) (something whieh was obvious from the 
start); it also applies to a quotient ring: if A is a eommutative ring with an ideal /, then 

< x{{^/lY)- 

To get a lower bound on we reealled in ll.3[ we need to eonstruet a homo¬ 

morphism from a finite graph to T(EY- Praetieally the only two useful graphs whieh 
are known in this eontext are the triangle and Moser’s spindle, whieh we now diseuss: 

Lemma 2.3. If is a field of eharaeteristie 7 ^ 2 in whieh 3 is a square (and we write 
\/3 for a square root of it), then the points (0, 0), (1, 0) and (|, ^) of E"^ induee an 
homomorphism from the triangle graph C 3 to r(ii^^), showing that xi^Y > 3- 

The proof is eontained in the statement (together with the obvious faet that xi^s) = 
3). 

We reeall that, by quadratie reeiproeity, 3 is a square in iff g = ±1 (mod 12) or 
g is a power of 3 (or of 2). 

Lemma 2.4. If is a field of eharaeteristie 7 ^ 2 in whieh 3 and 11 are squares, then 
Moser’s spindle graph (displayed below) admits a homomorphism to T{E'^), showing 
that xi^Y ^ 4. 

'if E were the zero ring (i.e., the ring in which 0 = 1), then r(£:‘^) would consist of a single vertex 
connected to itself by an edge, and which is therefore not colorable using any number of colors: we 
exclude this degenerate case because we consider only graphs with no self-edges. 
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Proof. Let \/3, vTT be square roots of 3, 11 in E, and \/^ their product. Then a 
straightforward computation shows that the points 

Po = (0, 0), Pi = (1, 0), P2 = (i, f), P3 = (|, #), 

p _ /5 p _ (b _ 5 ^ _i_ p _ fS _ 5y^ , vTT n 

4 tg) g T -T5 (^^2 12 ’ 12 12 b 6 t 4 12 ’ 12 4 / 

form a graph with edges {Po,Pi}, {Po,P 2 }, {Pi,P 2 }, {PpPa}, {P 2 ,P 3 }, {Po,P 4 }, 
{Pg, P 5 }, {P 4 , P 5 }, {P 4 , Pg}, {P 5 , Pg}, {P 3 , Pg}, represented above. It is clear that this 
graph has chromatic number 4. □ 

We recall that, by quadratic reciprocity, 11 is a square in iff q is congruent mod¬ 
ulo 44 to an element of {±1, ±9, ±5, ±7, ±19} or g is a power of 11 (or of 2). 

Remark 2.5. Let us get the fields of characteristic 2 out of the way with the following 
remark. 

If P is a field of characteristic 2, then (x} — H- — ^df = 1 is equivalent 

to {x[ — xi) -\ - \- {x'^ — Xd) = I, that is, \{x' — x) = 1 where A is the P-linear form 

{zi,... ,Zd) zi-\ - \-Zd. Complete 1 to a basis of E as an F 2 -vector space (this uses 

the axiom of choice) and let A(2;) be the coordinate on 1 of A (2:): then we get a coloring 
of with two colors if we choose the color of x according to the value of A(a;) G F 2 . 
Since obviously 1 color does not suffice (for d > 1), this shows that = 2. 


3 Obtaining upper bounds by reduction 

^ 3 . 1 . Informal discussion (only used to motivate what follows). Assume K is a num¬ 
ber field (i.e., a finite extension of Q), and p is a maximal ideal of the ring of integers 
Ok of K. (More generally, the more algebraically oriented reader might wish to as¬ 
sume that p is a maximal ideal of a Dedekind domain Ok with fraction field K.) We 
call K = Ok the residue field of p. 
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(An example of sueh a situation oeeurs when K = Q so that Ok = ^ and p is 
the ideal generated by an ordinary prime number p > 2, with k = F^; but this will 
not give any useful eonsequenees sinee the value of x(Q^) is known. We refer, e.g., to 
UNeukireh 19991 1.§l-3] for baekground on number fields.) 

We would like to obtain an upper bound on x{K^) by comparing it with using 
some kind of “reduetion mod p” argument and applying 12.21 Let us informally diseuss 
how this ean be done. 

One eannot reduee the elements of K mod p as one ean for the elements of Ok, 
so there is no obvious map from (affine spaee) to However, as we now ex¬ 
plain, there is a natural “reduetion” map P^(iL) —)■ P'^(k), where refers to projee- 
tive d-dimensional spaee. (Reeall that, for K an arbitrary field, ¥^{K) is the set of 
(zq, ... ,Zd) e not all zero, modulo multiplieation by a nonzero eonstant; we 

write {zq Zd) for the elass of {zq, ..., in P'^(iL), and whieh we eonsider affine 
spaee embedded in P'^(iL) by (zi ,... ,Zd) ^ (1 : zi : ■ ■ ■ : Zd)). This reduetion 
map F^{K) —)■ P'^(k) ean be defined by “elearing denominators”, i.e. multiplying the 
homogeneous eoordinates zq, ..., Zdhy dn appropriate element of K so that they all lie 
in Ok with at least one of them not in p (i.e., their valuation with respeet to p are all 
nonnegative and not all positive), and then redueing mod p to get an element of P'^(k). 
In more sophistieated terms, this works beeause F^{K) aetually eoineides with F^{Ok) 
when Ok is a Dedekind ring with quotient field K (the projeetive spaee P'^(A) over a 
ring A is more delieate to define than over a field: for example, it is the set of projeetive 
submodules L of rank 1 of where a projeetive submodule of A^^^ means there is 
M sueh that L® M = A^^^, and rank 1 means that for any quotient of A by a maximal 
ideal, the eorresponding quotient of L is 1-dimensional veetor spaee). 

So now we have a reduetion map —)■ F^{K) —)■ P'^(fi:) and we assume we find a 

eoloring of r(fi;‘^) with few eolors: is embedded in P'^(k) but in general this does not 
avail us beeause many points of will reduee to the “hyperplane at infinity’ ’ {^0 = 0} 
in P'^(k) (the eomplement of the subset C P'^(/s:)). However, if it so happens that 
z\ z'l is “anisotropie”, meaning that z^ + ■ ■ ■ -\- z'^ = 0 has no non-trivial 

solution in k (we also say that the quadrie {zi + • • • + ^^ = Zq} C P‘^(k) has no 
points at infinity, this quadrie being the projeetive eompletion of the affine “unit eirele” 
[zi + • • • + = 1 } C K^), then by translating we ean “stay away from infinity”, and 

we ean get a eoloring of K'^ from one of as explained by the following proposition 
and eorollary: 

Proposition 3.2. Let A be a valuation ring with valuation v: write m := {x G A : 
v{x) > 0} for its (unique) maximal ideal, k := A/m the residue field, and K : = 
Frac(A) for the field of fraetions of A. Assume that the quadratie form z 1 + --- + zjis 
anisotropic over n (that is, -t- • • • -f = 0 has no solution in k other than the trivial 

(zi,...,Zd) = (0 ,...,0)). 

Then there is a graph homomorphism ijj-. T(K'^) —)■ r(A'^). Reealling (12.21) that 
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there are also obvious graph homomorphisms r( 74 '^) —)■ and r( 74 ‘^) r(K‘^), 

we have: = x{^^) < 

113.3. For the reader’s eonvenienee, we reeall, cf. e.g., UMatsumura 19891 §10] or 
UNeukireh 19991 II.§3], that a valuation ring A is an integral domain such that every 
element x of its field of fractions K satisfies x E A or x~^ E A. Such a ring has a 
unique maximal ideal. The valuation v can be defined as the quotient map from 
to the abelian group /A^ or “value group”, where = K \ {0} is the group 
of nonzero elements of K, and ^4^ is the group of invertible elements of A; this is 
ordered by v{x) > v{y) iff x/y E A; it is extended by putting u(0) = cxd, a sym¬ 
bol greater than all others (in particular, A = {x E K : v(x) > 0}). The essential 
properties of a valuation are: (o) u(a;) = cxo iff a; = 0, (i) v(xy) = v(x) + v(y) and 
(ii) v(x + y) > inin(v(x),v(y)) (and it follows that, in the latter, equality in fact holds 
ifu(a;) 7 ^ v(y)). 

In the applications to integers of number fields, or Dedekind domains in general, 
A will be a discrete valuation ring, meaning that the value group /A^ is simply Z 
with the usual order (although sometimes it will be more convenient to normalize it 
differently, e.g., |Z). Nothing will be lost if the reader assumes this from the start. 

Proof o A3?2\ First observe the following fact: if x\-\- ■ ■ ■ + x"^^ = 1 with Xi E K, then 
in fact Xi E A for all i. Indeed, assume on the contrary that x\ + ■ ■ ■ -E x"^^ = 1 and 
v{xi) < 0 for some i\ and let u be such that v{xu) is the smallest (=most negative). 
Then each Zi := Xi/Xu belongs to A, and l/a;„ belongs to m (since it has positive 

valuation), and (xi/xu)^ -I-h {xdIxuY = Reducing this equation mod m gives 

zl + ■ ■ ■ + zl = ft in K. By assumption, all Zi must be 0 , but this contradicts Zu = f- 

Now define an equivalence relation on K'^ by (xi,..., Xd) ~ (x)^,..., x'^ iff 
x[ — Xi E A for every i. The fact noted in the previous paragraph means that each 
edge of r(iT‘^) connects two points in the same equivalence class for !^. For each in¬ 
equivalence class C of r(iT'^) (i.e., each element of the quotient group K'^/A'^), choose 
a representative ^ C, and define -0 on C as taking x E C to x — which by 
definition of n belongs to A'^. Clearly if x,x' are adjacent in T{K^), they are in the 
same equivalence class C for n, and x — and x' — are also adjacent, so that 'ip{x) 
and ip^x') are. So we have defined a graph homomorphism xjj : T{K'^) r( 74 ‘^). □ 

Corollary 3.4. Assume iT is a number field. Ok its ring of integers, and p a maximal 
ideal of Ok such that the cardinality q =: N(p) of the residue field Ok/P = is 
congruent to 3 mod 4. Then there is a graph homomorphism r(iC^) —)■ r((Fq)^). In 
particular, x{K‘^) < ^((Fq)^). 

Proof. If g = 3 (mod 4) then —1 is not a square in F^: then the quadratic form z? + 
Z 2 = 0 is anisotropic (for if there were a solution with, say, Zi 7 ^ 0 , we would have 
{Z2lzxf = - 1 ). 
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Now let A = Ok,p be the loealization of Ok at p, i.e., the subring of K eon- 
sisting of quotients of elements of Ok whose denominator is not in p: sinee Ok is a 
Dedekind domain ( IINeukireh 19991 prop. 1.12.8]), this loealization is a diserete valu¬ 
ation ring ( UNeukireh 19991 prop. 1.11.5]) with fraetion field K and residue field F^. 
Proposition |32] gives the eonelusion. □ 

Remark 3.5. We stated the eorollary for d = 2. One does not obtain anything in¬ 
teresting for d > 2 beeause a quadratie form in > 3 variables is always isotropie 
over a finite field (this is a eonsequenee of the Chevalley-Waming theorem, ef. e.g., 
HFried & Jarden 20081 lemma 21.2.3 & prop. 21.2.4]). 

Remark 3.6. Corollary 13.41 was dedueed from proposition 13.21 by applying it to the 
loealization A = Ok,p of Ok at p; alternatively but equivalently, one ean apply it to the 
completion of Ok at p (of. UNeukireh 19991 prop. II.4.3]), whieh is a p-adie field (i.e., 
a finite extension of Qp). For example. 13.21 implies that whenever p = 3 (mod 4), we 
havex((Qp)^) < x((lFp)^) and x((Qp(x/p))^) < x((IFp)^), the right-hand side of whieh 
ean be oomputed explioitly, and it is the latter inequality that will be used (for p = 3) in 
proposition 14. 2l below (together with the faot that Q(\/3) is a subfield of Q3(\/3)). 

113.7. As mentioned in the introduotion, it is known that x(Q^) = 2: this is done by 
redueing mod 2 but does not immediately follow from 13.41 beeause zl A Z 2 = Q has 
solutions over Z/2Z; it follows, however, from the following improvement of 13.21 where 
instead of making an assumption over A/m we make one over A/xv?'. indeed, there 
are no solutions to zf + Z 2 = 0 in Z/4Z where Zp or Z 2 is odd, so we still must have 

x(Q^) < x((F 2 )") = 2 . 

Proposition 3.8. Let A be a valuation ring with valuation v: write m := {x G A : 
v(x) > 0} for its (unique) maximal ideal and K := Frac(A) for the field of fraetions 
of A. Assume that the equation zf + ■ ■ ■ + z^ = 0 has no solution mod exeept when 
all Zi are in m. Then there is a graph homomorphism ip: r(K'^) —>■ r(A'^); in partieular, 

X(K^) = x(A‘^) < xm/mY) < X((4l/m)'^). 

Proof. The proof is almost identieal to that of l3.21 if xl+ ■■■ + = 1 with Xi G K, 

then in faet x* G A for all i, beeause if xl + ■■■ + x^ = 1 and v{xi) < 0 for some i 
and if u is sueh that v{xu) is the smallest, eaeh Zi := Xi/x^ belongs to A, so does l/x„, 

and {xpjxff' ^ -h (x^/x^)^ = 1/x^, and now 1/x^ belongs, in faet, to m^, so we get 

z\^ - Vz\ = 0 in A/m^ with Zu = I not belonging to m, eontradieting the hypothesis. 

The rest is as previously. □ 

Sometimes we ean push even further, as the following example shows (whieh the 
author has not found the eourage to try to formulate under the most general auspiees): 

Proposition 3.9. The ehromatie number x(Q(\/2)^) of the plane with eoordinates in 
Q(\/2)^ is exaetly 2. In faet, we have x(Q2(\/2)^) = 2. 
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Proof. The lower bound is trivial: we wish to prove that x(Q 2 (\/ 2 )^) < 2. 

We will use the valuation v on K := Q 2 (\/ 2 ) normalized by: f (\/2) = that is, 
v{2) = 1 (extending the valuation on Q 2 ). 

We first wish to show the following: if x\ + x 2 = 1 in K, then v {xi) > for 
both i. Indeed, assume to the contrary that x\ + X 2 = 1 with v{xi) < v{x 2 ) < —1. Then 
1 + {x 2 /xiy = flx\ with v{x 2 lxi) > 0 and v{l/x\) > 2. But the largest valuation 
that 1 + 1 /^ can take as y ranges over A := Z 2 [\/ 2 ] = {y E K : v(y) > 0} is |, as can 
be checked by putting y = a + b\/2 + c • 2 with a,b E {0,1} and c E A\ then 1 + 
equals 1 + of Ab"^ ■ 2 + ab ■ (2\/2) plus terms of valuation at least 2 (i.e., zero mod 4), 
and by considering all four cases of values of a, 6 , we see that the largest valuation is 
attained for a = b = 1, namely | (the valuation of 2\/2). This contradiction concludes 
the claim of the paragraph. 

Now as in the proof of 13.21 we define an equivalence relation on this time by 
putting {xi,X 2 ) ~ {x[,X 2 ) iff v{x\ — x*) > —^ for both i, i.e., x[ — Xi and X 2 — X 2 both 
belong to -^A = {y E K ■. v{y) > —From what we have just seen, each edge of 
r(iT‘^) connects two points in the same equivalence class for !^. Again, by choosing a 
representative in each equivalence class, we get xi^^) = where xi{:^A)‘^) 

is the chromatic number of the induced subgraph of T (K^) consisting of vertices both of 
whose coordinates belong io ^A (=have valuation >-h There is a slight difficulty, 
though, in that -^A is not a ring, so we can’t immediately apply 12.21 

To proceed with caution, let us define a new equivalence relation = on by 
X = y ifi v{y — x) > |, that is, y = x + e with v{e) > Note that x = y and 
x' = y' imply x + x' = y + y', that is, (^A)/ = is an additive group; in fact, it is 
the Klein four-element group represented by {0,1,;^,:^ + 1} where every element 
has order 2. Now, if y = x + e with x(£) > we have = x^ + 2ex + and 
v{2ex) = 1 + x(e) + v{x) > 1 (because v{x) > —|) and v{e'^) > 1, so v{y'^ — x^) > 1. 
We further define = on by (xi, X 2 ) = {yi, 2 / 2 ) iff xi = yi and X 2 = 1/2 and then 

we therefore have v{{y\ + j/|) — (xj + x^)) > 1. In particular, if v{xl + x^ — 1) > 1, 
then v{yl + y 2 — 1) > 1 also, and we define a graph r((;^A)^/ =) with set of vertices 
(^A)^/ = by connecting (xi,X 2 ) and (x^,X 2 ) with an edge whenever {x\ — Xi)^ -f 
(x 2 — X 2 )^ is equal to 1 mod 2 (i.e., vfx'^ — xiY + ix '2 — X 2 Y — 1) > !)• From what 
we have just seen, this does not depend on the equivalence class of x or x' for = (we 
use the fact that ifx = y and x' = y' then (x' — x) = {y' — y)). Since reduction mod = 
is obviously graph homomorphism, the chromatic number ;y((^A)^/ =) of the graph 

just defines is at least x((;^A)^), which we saw is equal to 

But r((;^A)^/ =) is a finite graph. It has sixteen vertices, which are represented 
by {0,1, ^ + 1}^. For conciseness, we will write U for ^ and V for ^ + 1 and 

concatenate both coordinates of the vertices. The vertices adjacent to the origin 00 are: 
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01, 10, UU (because = 1) and VV (because (^ + 1)^ + (^ + 1 )^ = 

1 + 2 + 2 \/ 2 ), and other adjacency relations are obtained by translation (remembering 
that each coordinate is in a Klein four-group). A coloring of the graph r((-^A)^/ =) 
with two colors is obtained by giving one color to the eight vertices 00,11, UO, VI, Ul, 
V 0, UV, VU, and the other color to the eight other vertices. □ 


4 Explicit values and bounds for certain fields 

114.1. It is easy to see that x((IP's)= 3: it is no less because the points (0,0), (1,0) and 
( 2 , 0 ) form a triangle, and it is no more because one can color {u, v) with color u + v 
(mod 3). 

Proposition 4.2. The chromatic number x(Q(\/3)^) of tho plane with coordinates in 
Q(\/3)^ is exactly 3. 

Proof. Bv l2.3[ we know that x(Q(\/3)^) > 3. 

On the other hand, the ring of integers of Q(\/3) is Z[\/3], and \/3 generates a 
prime ideal with residue field F 3 . Now = 3 as we have just noted, so 13.41 gives 

x(Q(\/3)2) <3. □ 

The following proposition exhibits a situation where the chromatic number can be 
computed exactly but is not equal to the clique numbeiH: 

Proposition 4.3. \f K = Q(\/7), then T{K‘^) is triangle-free, but its chromatic number 
x{K‘^) is still exactly 3. 

Proof. First we check that r(iT^) is triangle-free. Assume it contains a triangle u, v, w. 
By translating, we can assume that u is the origin. Let us explain why we can assume 
that V = ( 1 , 0 ): a priori we have v = (^ 1 ,^ 2 ) with vj + V 2 = I, but then the matrix 

f Vi U2\ 

V -^2 / 

(acting from the left on column vectors) has values in K, preserves the quadratic form 
xl + xl, and takes n to (1,0). (Essentially, we are saying that once we have a vector of 
unit norm with values in K, the rotation taking that vector to (1, 0) also has values in K.) 
So we are left with w = {wi,W 2 ) which satisfies tuf -f = 1 and {wi — 1)^ -f = 1, 
giving wi = \ and W 2 = \. Since 3 is not a square in K, the latter has no solution and 
there is no triangle. 

^The clique number tLi(G) of a graph G is the largest n for which there exists a graph homomorphism 
Kn G,or 00 if there is no largest n. Evidently, a;(G) < x(G). When w(G) = 2, the graph is said to 
be triangle-free. 
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To prove the lower bound ^ 3> we eonstruct an odd eycle in r(iT^): namely, 

(0.0), (i.O), (1.2^), (i.O), (1.2^), (|.0), (|,2^), (1,0). It is straight- 

forward to cheek that two consecutive vertices of these nine (taken cyclically) are at 


distance 1, so we have a graph homomorphism from Cg to T{K‘^). This shows x{K‘^) ^ 
X{Cg) = 3. 

As for the upper bound: the ring of integers of Q(\/7) is Z[\/7], and \/7 — 2 gen¬ 
erates a prime ideal with residue field F 3 . Now = 3 (again. lATl) . so 13.41 gives 

x(Q(\/7)2) <3. □ 


The previous examples are all subfields of R for which we have the upper bound 
< 7 well-known in the Hadwiger-Nelson problem. But the reasoning used also 
works for certain non real number fields: 


Proposition 4.4. If A' = Q(\/—5), then r(A'^) is triangle-free, but its chromatic num¬ 
ber is still exactly 3. 

Proof. The proof that r(A'^) is triangle-free is the same as in 14.31 again, 3 is not a 
square in K. 

To prove the lower bound, use the following odd cycle: (0,0), (1,0), (2,0), (3,0) 
and (|, this gives a graph homomorphism from to r(A'^). 

For the upper bound: the ring of integers of Q(\/^) is Z[\/^], and (3, -f 1) 
is a prime ideal with residue field F 3 . So the conclusion follows once again by 13.41 
and 14. II □ 

The previous examples all used the fact (14.11) that x((IF 3 )^) = 3. Unfortunately, there 
aren’t that many finite fields that can be used to produce a meaningful upper bound. 
Here, however, is an example of a subfield of R where we can give a lower bound that is 
greater than 3 and an upper bound that is better than the standard upper bound on 
(viz. 7): 

Lemma 4.5. We haveElx((®'ii)^) < 5. 

^In fact, x((Fii)^) = 5, but we will neither prove nor use this. 
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Proof. Consider the following table: 


3 1 *0* 2 1 2 3 4 *2* 0 1 

12104123432 
*2* 1 2 3 0 2 1 2 3 4 *0* 

02313404134 
40 1 2 1 *3* 402 1 2 

3 4 0 1 *2*«1«*3* 4 12 1 
12340 *3* 10402 
21434023034 

*4* 2 3 4 3 4 0 2 3 4 *0* 

04121040232 

4 0 *4* 1 2 3 0 3 *0* 1 3 


it is an 11 x 11 array of numbers from 0 to 4 (representing five eolors): if the rows 
and eolumns are identified cyelieally with elements of Fn (the starting row/eolumn 
and the order in whieh they are read is, of eourse, irrelevant), then one ean eheek that 
two squares whose eyelie row distance ui and cyclic column distance U 2 are related 
by tif + ^2 = 1 never contain the same number; to make it perhaps easier to check 
this fact by hand, we have marked with asterisks the 12 squares which are connected 
by an edge to the central one (itself marked with bullets): so one should check that no 
square marked with an asterisk contains the same number as that marked with bullets, 
and similarly for any cyclic translation of this pattern. □ 

Proposition 4.6. If iC = Q(\/3, \/TT), then 4 < < 5. 

Proof The lower bound follows from l2.4[ 

The upper bound, obtained bv 13.41 uses the fact that x((IFii)^) < 5 by 14.51 and that 
the ideal generated by — | — ^ + has residue field Fn (note that 11 factors 

as (23 + x(-|-^ + 4^ + X (-| + #- 4^ + where 

23 + 4\/^ is a unit having inverse 23 — 4\/^). □ 


5 Remarks on algebraically and real closed fields 

115.1. In the introduction, we mention the question of computing Iii f^^t, for 

algebraically closed fields E, the value of depends only on the characteristic p 

of E and not on the field E itself. Indeed, the finite graphs G for which there exists 
a graph homomorphism G —)■ r(F^'^) with E algebraically closed depends only on the 
characteristic of E (and, of course, on d). 

Here is one way of seeing this fact: if E is any field, for any finite graph G with 
N vertices, saying that there does not exist a graph homomorphism G —)■ T{E'^) 
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means that the set of (iVrf)-tuples of elements of E, indexed by the vertiees 

7 of G and I < i < d, subjeet to the relations (xy,i — -I- ■ ■ ■ -I- — 

X'y,d)'^ — 1 = 0 for eaeh edge { 7 , 7 '} of G, is empty. Now if E is algebraieally 
closed, by Hilbert’s Nullstellensatz, this is equivalent to saying that the polynomials 
(^7'>i ~ ^7,1)^ + ■ ■ ■ + (xyy — — 1 (again, where { 7 , 7 '} ranges over 

the set E(G) of edges of G) generate the unit ideal of the polynomial ring E[{x^^i)] 
in Nd variables (i.e., that we can write .y'}6E(G) fi'{ 7 , 7 '}^{ 7 . 7 '} = ^ some 5 '{ 7 ,y} G 
E[{xy^i)]). But this depends only on the characteristic. Indeed, if there is a combina- 
tion 7'}eE(G) fi'{7.7'}^{7,7'} ^ ^ *^hen, for any Z-linear form A: E — )■ F such that 
A(l) = 1, we have X]{7 7/}gE(G) -^(5'{7,7'}) ^{7,7'} = 1 where X{g) means A is applied to 
all coefficients of g (note that (^{ 7 , 7 '} has integer coefficients!); now if E and E are two 
algebraically closed fields of the same characteristic, we can obviously find such A. 

Another possible proof notes that the statement that there does, or does not, exist 
a graph homomorphism G —r(F'^) is a first-order statement when interpreted in the 
field E, and the (first-order) theory of algebraically closed fields of fixed characteris¬ 
tic is complete, i.e., all of its models are elementarily equivalent, so the validity of a 
first-order statement does not depend on the model. (Cf. UPoizat 20001 theorem 6.4] or 
HFried & Jarden 20081 chapter 9].) 

One consequence of the above remarks is that x(C‘^) = where 

stands for the algebraic closure of Q. Furthermore, x(C‘^) is the greatest value of the 
xiE^) for all fields E of characteristic zero, just as x((Fp®)‘^) is the greatest value of 
the x(F‘^) for all fields of characteristic p. Another fact worthy of note is that, for any 
n, d the fact that x(C'^) > n, if true, is provable (by enumerating all finite graphs G 
until one finds one with chromatic number > n and which admits a homomorphism to 
r(C'^), a fact which can be tested using the Nullstellensatz and Grobner bases, or some 
other decision procedure for algebraically closed fields). 

One could argue from the above presentation that, from an algebraic point of view, 
the question of computing x(C‘^), or more generally, deciding which finite graphs admit 
a homomorphism to r(F'^) for an algebraically closed field F of a given characteristic, 
is more fundamental and perhaps more interesting than the case of real closed 

field (cf. 15.41 below! considered by the classical Hadwiger-Nelson problem. Certainly, 
if it turns out that x(C^) = 4, this would be a more profound result than x(M^) = 4 
(which it implies). 

115.2. We have explained above why the finite graphs which admit a homomorphism 
to r(F'^) for F an algebraically closed field depend only on {d and) the characteristic 
of F. We can state the following fact in comparing characteristic 0 to the others: 

If G is a finite graph that admits a graph homomorphism G —r((Fp®)^) for in¬ 
finitely many primes p (where F^ ® refers to the algebraic closure U^i of Fp), then 
there is a graph homomorphism G —?■ r(C'^). Equivalently: if a given finite graph G 
admits a homomorphism to r(F'^) for fields K of arbitrarily large finite characteristic. 
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then it admits one to a field of eharacteristic zero (whieh, as we have seen, ean be ehosen 
to be or C). 

An algebraieally minded proof proeeeds as follows: if there is no graph homomor¬ 
phism G —)■ r(C'^), then as in the diseussion above, we ean write y}gE(G) 

1 for some 5 '{ 7 ,y} G €[( 0 : 7 ,*)] labeled by the edges of G, and /i{ 7 , 7 '} := (a:y,i — 0 : 7 , 1 )^ + 
■ ■ ■ + (xyy — ^ 7 ^)^ — 1. Using some Z-linear form A: C —)■ Q sueh that A(l) = 1, we 
ean even find the ( 7 ( 7 , 7 '} with eoeffieients in Q. Now only finitely many primes divide 
the denominators of these fi'{ 7 , 7 '}, and redueing modulo any other p gives a relation of 
the same sort that preeludes the existenee of G —)■ r((Fp^®)'^). 

A more logieally minded proof of the same thing proeeeds by noting that the theory 
of algebraieally elosed fields of eharaeteristie 0 eonsists of infinitely many axioms, any 
finite number of whieh are valid for suffieiently large eharaeteristies. So if the inexis- 
tenee0 of a graph homomorphism G —)■ r(C‘^) ean be proved from these axioms, it ean 
be proved from finitely many of them, giving the desired eonelusion. 

This faet does not seem to have any exploitable consequenee on the ehromatic num¬ 
ber, but here is a eonverse that does: 

Proposition 5.3. Let G be a finite graph that admits a graph homomorphism G —)■ 
r(C'^). Then there is a graph homomorphism G —)■ r((Fp)‘^) for a set of prime num¬ 
bers having positive density. In partieular, we have < limsupp^+oo 

Proof. We know that G admits a homomorphism to r((Q^^®)'^). So (sinee the vertiees 
of the image generate a finite extension) there is one to for some finite extension 

A of Q (=number field). Given sueh a graph homomorphism, there are only finitely 
many primes p of Ok sueh that the eoordinates of the image vertiees are not all inte¬ 
gers at p (“have denominators in p”). Furthermore, by the Cebotarev density theorem 
( UNeukireh 19991 theorem 13.4] or HFried & Jarden 20W1 theorem 6.3.1]), there exists 
a set of primes with positive density sueh that p G iff p is unramified in K and 
there is a prime p of Ok lying over p and having degree 1 (i.e., same residue field Fp). 
(Preeisely, if S is the Galois group over Q of the Galois elosure of K, then the density of 
^ is the proportion of elements of S whose eonjugaey elass meets the fixator of K.) So 
possibly removing finitely many elements from we obtained the required eonditions: 
G admits a homomorphism to T{{OK,py) for some p sueh that C>ir,p/p = Fp. □ 

Note that we do not need to use 13.21 here: we are eonsidering an infinite set of 
primes, so one simply exeludes those in whieh there are denominators. Note that the 
above result implies a bound for the elassieal Hadwiger-Nelson problem, viz. < 

lim supp^+oo where eaeh term of the sequenee in the right hand side is finitely 

eomputable (although this bound is quite possibly infinite). 

"^This also works for the existence of such a morphism, but the conclusion is subsumed in proposi- 
tion l5.3l anvwav. 
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115.4. We can say for real closed fields much of what we said in 15.11 above for al¬ 
gebraically closed fields. Specifically, the finite graphs G for which there exists a 
graph homomorphism G —>■ with E real closed do not depend on E, and in 

particular, the value of is the same for all real closed field E (it depends only 

on d). This time, the proof invokes Tarski’s theorem on the decidability of the first- 
order theory of real closed fields ( UPoizat 20001 theorem 6.41]). One consequence is 
that where stands for the real closure of Q (which can be 

seen as the set of real algebraic numbers jl. Another is that, for any n, d the fact that 
> n, if true, is provable (by enumerating all finite graphs G until one finds one 
with chromatic number > n and which admits a homomorphism to r(R‘^), a fact which 
can be tested using some other decision procedure for real closed fields). 

In particular, if the answer to the classical Hadwiger-Nelson problem turns out to be 
x(M^) = 7, then this fact is provable. 

6 Remarks on changing the quadratic form 

We can generalize 12. li as follows: 

Definition 6.1. Let E be any field (or even any commutative ring) and q a quadratic 
form in d > 1 variables over E. We define a graph T{E'^,q) as follows: vertices 
of T{E^, q) are d-tuples from E, with an edge between (xi,..., Xd) and (x'l,..., x^) 
whenever q{x' — x) = 1. We write q) = q)) for tho chromatic number 

of this graph T{E‘^, q) (possibly -foo). 

The case considered in l2.1l is that where q = x\ + -h x^. 

116.2. If is a field and the quadratic form q is degenerate, meaning that there is a 
nontrivial subspace V of E^^ (the largest of which is called ker(g)) such that g(x + y) = 
q{x) for all x G and y E V, then we can color E'^ with a certain number of colors 
by coloring (the quotient vector space) E^/V, and it is easy to see that q) = 
x{E‘^/V, q) where the second q refers to the obviously defined quadratic field on E^/V, 
and it is nondegenerate. So we can always assume (up to a change in d) that q is 
nondegenerate. 

116.3. If E is the field M of reals, or more generally a real closed field, then Sylvester’s 
law of inertia states that any nondegenerate quadratic field on E^^ is equivalent to x^ -|- 

-hx^ -f‘^1' some 0 < s < d: the pair (s, d—s) is called the signature of 

the quadratic form. The graph T{E^, q) (up to isomorphism), and its chromatic number 
x{E'^, q) only depend on this signature. But note that if is a subfield of M, in general, 

^This answers OSoifer 20091 problem 11.1], but the question is perhaps misstated since the MathSciNet 
review of BBenda & Perles 20001 (the present author does not have access to the paper itself) suggests that 
the remark above is already contained there. 
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not all quadratic forms over E that are equivalent to x\ E ■■■ + over R will be 
equivalent to it over E: and the eomputation of any sueh *?) might legitimately be 
eonsidered an analogue of the Hadwiger-Nelson problem with eoeffieients in E. 

116.4. In the ease of rank d = 2 over the reals (or more generally a real elosed field), the 
only nondegenerate quadratie form other than the Euelidean xl + is the Lorentzian 
(or Minkowskian) quadratie form, viz. qi ■= x\ — x^. This quadratie form is of great 
importanee in speeial relativity (if xi is the time eoordinate and X 2 the spaee eoordinate, 
then defines the proper-time separation of the events x and y). 

The question of eomputing or even just deeiding whether it is finite, 

seems an interesting one (to whieh the present author does not know the answer), and 
it would shed light on how to handle the “isotropie” ease (ql has nontrivial zeros). One 
thing that ean be said is that Ql) < (sinee all nondegenerate quadratie 

forms over C are equivalent); eonversely, xl + xl — xl — xl) is easily 

seen by separating eomplex numbers into real and imaginary parts, so the two problems 
of eomputing Ql) and are intimately related. We ean at least say this: 

Proposition 6.5. If qi = xl — xl is the “Lorentzian” quadratie form on R^, then 
r(R^, qL) has eyeles of any order > 3 but no triangle. In partieular, Ql) > 3. 

Proof. First we show that r(R^, qi) has no triangle. Before we do this, we define the 
causal partial order on R^ as follows: we say that x <caus y for x,y G R^ when 
q{y — x) > 0 and Xi < yi, or alternatively, \y 2 — X 2 \ < yi — Xi. This eausal partial 
order defines an orientation on the edges of r(R^, q^) (orient an edge (x, y) from x to y 
when X <caus V, whieh here just means Xi < j/i). Now assume x, y,z is a triangle. By 
permuting, we ean assume x <caus y <caus 2 ^- By translating, we ean assume x = (0, 0). 
By applying the “Lorentz group” {T,,: (mi, U 2 ) {ui cosh 77 + U 2 sinh?], ui sinh?] + 
U 2 cosh 77 )}, which preserves the quadratic form q^, we can assume y = (1, 0 ) (just take 
r] = — arctanh( 7 / 2 / 7 /i)). Now we have simultaneously zj — zl = 1 and {zi — 1)^ — zl = 
1, so simultaneously Zi = + zl and Zi = 1 + + zl, a contradiction. This shows 

that there are no triangles. 

To construct a {k + 2)-cycle for any k > 3, consider the k + 1 points ( 7 , 0) for 
0 < i < k, together with (|, the latter being adjacent to both (0, 0) and (fc, 0). 

For a 4-cycle, consider for example (0, 0), (1, 0), (|, |) and (|, |). 

The conclusion on the chromatic number follows from the existence of an odd cycle. 

□ 

1[6.6. Proposition 13.21 was stated for T{K‘^) and T{k‘^) for simplicity, but the proof 
carries over exactly to T{K^, q) and r( 7 c'^, q) if g is a quadratic form in d variables with 
coefficients in A and q is its reduction mod m. The statement is then: 

Let y4 be a valuation ring with valuation v: write m := {x G A : v{x) > 0} for its 
(unique) maximal ideal, k := A/va the residue field, and K := Frac( 74 ) for the field 
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of fractions of A. Assume that g is a quadratic form in d variables with coefficients 
in A such that the quadratic form q obtained by reducing these coefficients mod m 
is anisotropic over n (that is, q{zi,..., Zd) = 0 has no solution in k other than the 
trivial (zi,..., = (0,..., 0)). Then there is a graph homomorphism ij-.T{K^q)^ 

r(A'^, q). In particular, q) = O) < x {^^'^1 q)- 


1 Remarks on the role of the axiom of choice 

The axiom of choice is used in several places in the results above: remark 12.51 uses it 
to produce an F 2 -linear form on a field E of characteristic 2 that takes the value 1 at 1, 
and more importantly, proposition 13.21 uses it to select a representative from each 
equivalence class C of K’^/A^. In the absence of the axiom of choice, we can still say 
certain things, however: 

117.1. If, instead of working with the chromatic number x{G) of a graph, we work with 
the “finite-limit-chromatic number” Xfin(G'), which is defined as the upper bound of the 
x(Go) for all finite subgraphs Gq of G, making the De Bruijn-Erdos theorem trivially 
true, then the results of sections [2] to |4] of this paper hold, in the absence of Choice, for 
Xfin instead of x (because only finitely many choices have to be made). 

Note that the question of computing Xfin(R^) is precisely the same as that of com¬ 
puting iri the presence of the axiom of choice. Furthermore, since the statement 
“Xfin(lR^) = n" is an arithmetical one (i.e., one that can be stated in the language of 
first-order arithmetic: namely, the one which states that every finite unit-distance graph 
with real algebraic coordinates can be colored with n colors and at least one requires 
this number of colors), its truth value does not, in fact, depend on the axiom of choice 
(because the Godel constructible universe L has the same integers, so the same true 
arithmetical statements as the real universe V of set theory). One might therefore argue 
that the “right” Hadwiger-Nelson problem in the absence of choice concerns the value 
of not (which might be “artificially higher” because certain colorings 

are not available in the absence of choice): the value of Xfin(R^) is a purely arithmetical 
question, and therefore independent of set-theoretical subtleties. 

117.2. If, however, we insist in working with x(-^^) (nnd not Xfin) in the absence of 

choice, the results formulated above are still applicable over certain fields. Specifically, 
the facts that x(Q^) = 2 (par.|3]71), that x(Q(\/^)^) = 2 (prop. [3l9l) . that y( 0(\/3)^) = 3 
(prop. SJ), that x(Q(\/7)^) = 3 (prop. SJ), and that 4 < x(Q(\/3, \/lT)2) < 5 
(prop. 14.61) still hold in the absence of choice: the reason for this is that any choice 
which requires the axiom in l3.2l can in fact be done systematically for the specific fields 
considered here. For example, it does not require the axiom of choice to select a rep¬ 
resentative from each class of one can simply write an element of 

Q3(\/3) in the form Ylt=-N with Oj G {0,1,2} and choose the representative 


17 










Eii-iv 

References 

[Benda & Perles 2000] Micha Benda & Mieha Perles, “Colorings of rnetrie spaees”, 
Geombinatorics 9 (2000), 113-126. 

[de Bruijn & Erdos 1951] Nieolaas G. de Bruijn & Pal Erdos, “A Colour Problem for 
Infinite Graphs and a Problem in the Theory of Relations”, Nederl. Akad. Weten- 
sch. Proc. Sen A (=Indag. Math.) 54 (1951), 371-373. 

[Pried & Jarden 2008] Miehael D. Pried & Moshe Jarden, Field Arithmetic, Springer 
(3rd edition 2008), ISBN 978-3-540-77269-9. 

[Matsumura 1989] Hideyuki Matsumura, Commutative Ring Theory, Cambridge Uni¬ 
versity Press (paperbaek edition 1989), ISBN 978-0-521-36764-6. 

[Neukireh 1999] Jurgen Neukireh, Algebraic Number Theory, Springer (1999), 
ISBN 978-3-540-65399-8. 

[Poizat 2000] Bruno Poizat, A Course in Model Theory (An Introduction to Contem¬ 
porary Mathematical Logic), Springer Universitext (2000), ISBN 978-0-387- 
98655-5. 

[Sevennee 2013] Bruno Sevennee, “Oetonion multiplieation and Heawood’s map”, 
Confluentes Math. 5 (2013), 71-76. 

[Soifer 2009] Alexander Soifer, The Mathematical Coloring Book (Mathematics of 
Coloring and the Colorful Life of Its Creators), Springer (2009), ISBN 978-0- 
387-74640-1. 

[Woodall 1973] Douglas R. Woodall, “Distanees realized by sets eovering the plane”, 
J. Combinatorial Theory 14 (1973), 187-200. 


18 



